The recently formulated Equivalence Principle (EP) implies that interactions have a purely quantum origin. Since the reduced action is always nontrivial it follows that the conjugate momentum has an upper bound which is a natural ultraviolet cutoff originating from the structure of the Quantum Stationary Hamilton-Jacobi Equation (QSHJE). In turn, the quantum potential is always nontrivial and plays the role of internal energy in a way similar to the relativistic rest energy. We argue that this internal energy is at the origin of fundamental interactions.
1. Introduction. According to the recently formulated Equivalence Principle (EP), all physical systems are equivalent under coordinate transformations [1] - [5] . It has been shown that the implementation of such a principle univocally leads to the quantum versions of the HJ equation.
The latter was first analyzed independently by Floyd in a series of remarkable papers [6] . In [5] , the formulation of Quantum Mechanics (QM) from the EP was extended to higher dimensions and to the relativistic case as well. This approach strongly suggests that QM and General Relativity (GR) are two facets of the same medal [1] - [5] . As we will eventually establish, QM and GR are intimately related in a way which sheds light on the origin of the interactions themselves. This would imply a rather different approach to the problem of quantizing gravity.
According to the standard view, QM provides the framework in which the natural interactions should be described. The derivation of the Quantum Hamilton Jacobi Equation (QHJE) from the EP indicates that QM itself may give rise to interactions. As a consequence, gravitation, and more generally all fundamental interactions, should be related to QM in a much deeper way. Thus the above schematic distinction between fundamental interactions and QM, seen as the framework to describe interactions, presumably should be reconsidered. As a result, the origin of the problems in quantizing gravity might reside in the formulation itself.
In this letter we argue that gravitation has a purely quantum mechanical origin. A basic outcome of the formulation of QM based on the EP is that the term W ≡ V − E, with V the potential and E the energy of the system, corresponds to the inhomogeneous term in the transformation properties of the state with W = W 0 ≡ 0 [1]- [5] . It turns out that this term is of a purely quantum nature. As a consequence, potentials have a quantum origin. A related aspect concerns the appearance of fundamental constants in the QHJE. In particular, the implementation of the EP leads to introducing universal length scales. This has a fundamental consequence once we take into account that the quantum potential is always nontrivial. In fact, it turns out that even in the case of W 0 , the corresponding quantum potential is far from being trivial. This is a key point which somehow differs by basic initial conditions from the one considered in the literature. This is due to the fact that the quantum reduced action (also called Hamiltonian characteristic function) is always nontrivial, in particular
which is a direct consequence of the EP. Remarkably, this answers Einstein's criticism of the classical limit of Bohm theory (see also the footnote below). These aspects are related to the concept of interaction. In general, in considering equations of motion, one assumes the existence of potentials put in by hand as external data. By doing this one supposes the potential represents an action of the environment on the particle. 0 (q B ) defines a singular coordinate transformation. However, when the same system is described by an observer in a frame with a constant acceleration a, theñ
where Q A (Q B ) is the coordinate of particle A (B) in the accelerated frame. If in describing particle B in the accelerated frame one uses the coordinate Q A defined byS
, then the resulting dynamics coincides with the one of the particle A, that is
which shows that the system B, described in terms of the coordinate Q A , coincides with the system A. Hence, in Classical Mechanics (CM), the equivalence under coordinate transformations requires choosing a frame in which no particle is at rest. 
The above example shows that the HJ formalism provides a quite natural setting to describe physical systems. 
It has been shown in [1] - [5] that the implementation of the EP univocally leads to the QSHJE. This extends to any dimension and to the relativistic case as well.
3. The EP and fundamental physical constants. The remarks made in the introduction indicate a possible explanation of the origin of the external potential terms. First observe that the fact that the quantum potential is always nontrivial implies that it is an intrinsic energy of the particle. Due to the structure of the QHJE we have that the quantum potential will in general depend on fundamental constants. Let us show how these constants arise.
We focus first on the one-dimensional QSHJE 1 2m
The term Q =h
{S 0 , q} is called quantum potential. The general real solution of (6) has the
where w = ψ D /ψ ∈ R and (ψ D , ψ) are two real linearly independent solutions of the associated Schrödinger equation. Furthermore, we have δ = {α, ℓ}, with α ∈ R and ℓ = ℓ 1 + iℓ 2 some integration constants. Observe that we need ℓ 1 = 0. This is equivalent to having S 0 = cnst, a necessary condition to define the term {S 0 , q} in the QSHJE.
There is a quite simple reason why fundamental constants should be hidden in ℓ. To see This is a fact which is strictly related to the Legendre duality first observed in [7] and further 
and the conjugate momentum p 0 = ∂ q 0 S 0 0 has the form
A property of p 0 is that it vanishes only for q 0 → 0. Furthermore, |p 0 | reaches its maximum at
Since Re ℓ 0 = 0, p 0 is always finite. Thus, Re ℓ 0 = 0 provides a sort of ultraviolet cutoff. This is a property which extends to arbitrary states. Actually, the conjugate momentum has the form
Since the Wronskian
is a nonvanishing constant, it follows that ψ D and ψ cannot have common zeroes, and by Re ℓ 0 = 0 we see that p is finite ∀q ∈ R. Therefore, the EP implies an ultraviolet cutoff on the conjugate momentum.
In [2] [4] it has been shown that fundamental constants also arise in considering the classical limit. Let us consider the limit
and note that Im ℓ 0 in (11) can be absorbed by a shift of q 0 . Hence, in (12) we can set Im ℓ 0 = 0 and distinguish the cases q 0 = 0 and q 0 = 0. By (12)
where −1 < γ < 1 with γ defined by Re ℓ 0 ∼ h−→0h γ . A fundamental length satisfying this condition on the power ofh is the Planck length λ p = hG/c 3 . Let us stress that the Compton length is excluded by γ < 1. Also, as we will see in considering the E → 0 andh → 0 limits for the free particle of energy E, the natural choice is just the Planck length. With this choice of Re ℓ 0 the maximum of |p 0 | is
Setting Im ℓ 0 = 0 and Re ℓ 0 = λ p , the quantum potential associated to the trivial state W 0 is
There are two basic aspects in this expression. First of all there is the appearance of Newton's constant. We saw that this arises naturally as a consistency condition. Furthermore, Q 0 is negative definite. Thus, even if we are still considering a one-dimensional system, we are starting to see some motivation for the emergence of the gravitational interaction.
The appearance of fundamental constants can also be seen by considering theh → 0 and E → 0 limits [2] for the conjugate momentum of a free particle of energy E
where k = √ 2mE/h and ℓ E is the integration constant of the QSHJE. We consider the limits
and
We see that the term ℓ E cos(kq) in Eq. (17) is ill-defined in theh → 0 limit. This problem has been recently considered also by Floyd [12] . Thus, the existence of the classical limit implies some condition on ℓ E . In particular, in order to reach the classical value √ 2mE in theh −→ 0 limit, the quantity ℓ E should depend on E. It turns out that [2] [4]
where x p = kλ p = 2mEG/hc 3 and
It follows that
The function α(x 
whereas for β(x p ), we have lim h−→0h
The presence of the initial conditions, which do not appear in the Schrödinger equation, has deep consequences. The modification induces a variation on the quantum potential itself. As a result, if we do not know the initial conditions, then it is not possible to separate the kinetic term from the quantum potential. Thus ignoring the initial conditions leads to an indetermination.
The appearance of the Planck scale in the hidden constants has been considered in [2] [4]. This seems related to 't Hooft's approach [13] . Possible connections have been considered by Floyd [12] and in [5] .
4. Nontriviality of the reduced action. The properties described above are connected with the choice of representation of the wave-function in terms of the reduced action. Let us consider the standard representation ψ = Re iS 0 /h , which is assumed also in Bohm theory [14] .
Since the wave-function for bound states is proportional to a real function, with this choice the reduced action is trivial. On the other hand, if S 0 is the quantum version of the classical reduced action S cl 0 one should require that S 0 coincide with S cl 0 in theh → 0 limit, which is impossible if S 0 = cnst.
1 The solution to this puzzle is quite simple and arises naturally in the present formulation. Namely, the general structure of the wave-function is
so that there is no trace of the condition S 0 = cnst that one would have for bound states, as
This naturally answers Einstein's objection to Bohm. This aspect has been previously considered by Floyd in a series of important papers [6] . Related arguments have been considered also in the interesting papers by Reinisch [16] .
We have seen that there are several aspects of the formulation which provide the natural framework for the description of QM. Furthermore, we now see that basic concepts, such as the tunnel effect and energy quantization [3] [4], actually follow from the EP. These properties are deeply related to p-q duality which, in turn, is related to the Möbius symmetry underlying the EP. This is also at the origin of energy quantization [3] [4]. In particular, the QSHJE is defined only if the ratio w = ψ D /ψ of a pair of real linearly independent solutions of the Schrödinger equation is a local homeomorphism of the extended real lineR = R ∪ {∞} into itself. This is an important feature as the L 2 (R) condition, which in the Copenhagen formulation is a consequence of the axiomatic interpretation of the wave-function, directly follows as an important theorem which only uses the geometrical gluing conditions of w at q = ±∞ as implied by the EP. In particular, denoting by q − (q + ) the lowest (highest) q for which V (q) − E changes sign, we have 
The only possibility to reach any other state W v = 0 starting from W 0 is that it transforms with an inhomogeneous term
where (q a ; q v ) denotes a still undefined function which depends on q a and q v . Let us denote by
with the same formula with q a and q b interchanged we have
More generally, comparing
with (31) we obtain the basic cocycle condition
which expresses the essence of the EP. In particular, this condition univocally leads to determine the correction to the CHJE. In doing this, one shows that Eq.(34) a basic Möbius invariance of (q a ; q b ).
6. The EP as the origin of interactions. The W 0 ≡ 0 state plays a special role. Setting
so that, according to the EP (5), all states correspond to the inhomogeneous part in the transformation of the W 0 state induced by some v-map. Since the inhomogeneous part has a purely quantum origin, we conclude that the Equivalence Postulate implies that interactions have a purely quantum origin.
The role of the quantum potential as responsible for interactions can be made clearer from the observation that the EP implies
Then, taking W = W 0 ≡ 0 and omitting the superscript v, we have
This is a key expression as it explicitly shows that any potential can be expressed in purely quantum terms.
7. Gravity from the quantum potential. In [5] it has been observed that there is a hidden antisymmetric tensor in QM which arises from the continuity equation. We also note that in the one-dimensional case, the freedom deriving from the underlying hidden tensor one meets in the higher dimensional case reflects itself in the appearance of the integration constants. These are related to the SL(2, C) symmetry of the equation {e 2iS 0 /h , q} = −4mW/h 2 , which is equivalent to the QSHJE (6). In particular, as we said, there is a complex integration constant ℓ which is missing in the Schrödinger equation. One should now understand what is the role of the quantum potential in the case of two free particles. Thus we consider the case in which V = 0, so that W = E. The QSHJE reads
The continuity equation is 1
Next introduce the variables
where r 1 and r 2 are the ray vectors of the two particles. With respect to the new variables the equations (38) and (39) have the form
where ∇ and ∆ are the gradient and Laplacian with respect to the vector r, while ∇r and ∆r are the analogous operators with respect tor. These equations can be decomposed into the equations for the center of massr and those for the relative motion. We will concentrate on the latter. It satisfies the QSHJE 1 2m
and the continuity equation
In [5] it has been stressed that the continuity equation implies
where F is a (D − 2)-form. In the 3D case R 2 ∂ i S 0 is the curl of a vector that we denote by B,
so that
The QSHJE reduces to the "canonical form"
where j 2 ≡ j k j k and
Using the identity (a × b)
Let us now summarize the main points so far.
1. The EP implies that the reduced action is always nontrivial. In particular, this is true also for the free particle of vanishing energy. Remarkably, this answers the objections concerning the classical limit posed by Einstein.
2. This property of the reduced action implies an intrinsic potential energy which, like the rest mass of relativity, is universal. In particular, contrary to the standard approach, the quantum potential is always nontrivial.
3. The existence of the classical limit implies that the quantum potential depends, through the hidden initial conditions coming from the QSHJE, on fundamental length scales which in turn depend onh. In particular, the emergence of the Planck length, and therefore of Newton's constant, arises from considering the classical limit for the free particle of vanishing energy.
4. It is seen in the formulation that the role of the quantum potential is the particle's response to an external perturbation. In particular, in the case of tunneling, the quantum potential guarantees the reality of the conjugate momentum. In consequence, the role of this internal energy, which is a universal property of all forms of matter, should manifest itself through effective interactions depending on the above fundamental constants.
5. The fundamental implication of the EP is the existence of the cocycle condition. In particular, from this condition, one obtains an expression for the interaction terms which is of purely quantum origin.
6. The fact that QM arises from an EP which is reminiscent of Einstein's EP strongly indicates a deep relation between gravitation and QM itself.
The above remarks leads to a quite suggestive hypothesis. The most characteristic property of the quantum potential is its universal nature: it is a property possessed by all forms of matter.
On the other hand, we know that such a property is the one characterizing gravity. Therefore, if
we write down the classical equations of motion for a pair of particles, we should always include, already at the classical level, the gravitational interaction. Furthermore, the quantum potential for a free particle is negative definite. This should be compared with the attractive nature of gravity. It is therefore quite natural to formulate the hypothesis that the quantum potential is in fact at the origin of gravitation.
We now show that this hypothesis may in fact be implemented. The idea is to look for solutions of the QSHJE leading to the classical HJ equation for the gravitational interaction.
In fact, considering the equationh 
According to Eq.(51) the gravitational potential might get corrections depending onh and r. It is worth stressing that these corrections may become relevant at suitable scales. In particular,
we saw that the EP implies an ultraviolet cutoff on the conjugate momentum. In the onedimensional case, this reflects in the appearance of the Planck length. As a result, the term 
where the terms O(h) will in general depend on r. It is of basic importance to investigate the structure of such corrections. We also note that the above construction may presumably be extended to other fundamental interactions.
